A continuum model, based on a theory of electromagnetic media with microstructure, is exploited to deal with rigid conductors endowed with polarization and magnetization. Charge carriers are considered as a continuum superimposed to the microstructured conductor where the density of bound charges depends on the internal degrees of freedom of the continuum particle. The non-linear dynamical model is formulated, deriving the mechanical balance laws that are coupled with the electromagnetic field equations. A reduction to the micropolar linear case is performed in order to analyze admissible solutions in the form of one-dimensional plane waves. Dispersion equations are derived for modes pertaining to longitudinal and transverse fields and the effects of conductivity and polarization are evidentiated. Polariton modes, arising from the dynamics of microdeformation, are also discussed.
Introduction
An accurate analysis of conductive phenomena in electromagnetic media requires accounting for the presence of various interactions involving different types of bound and free charge, and the mechanical structure of the conductor at microscopic and macroscopic scales. In particular, the electromagnetic field within the conductor is affected by inertia of free charges and microdeformations experienced by bound charges belonging to the lattice's structure. Such deformations also involve polarization phenomena that, to some extent, contribute to the displacement current.
Macroscopic descriptions developed within continuum theories usually account for these interactions at various levels, depending on the specific model such as ideal or not ideal conductors or semiconductors (see some classical results in [1] [2] [3] [4] [5] ). Among these results, owing to suitable constitutive assumptions and thermodynamic restrictions, a modified Ohm's law has been introduced. In this respect, it is worth noting the generalized Ohm's law, accounting for inertia of charge carriers obtained in the context of irreversible thermodynamics, and exploited to describe electromagnetic field attenuation [6] [7] [8] . The role of a modified Ohm's law is fundamental in continuum approaches where the conductor is considered as a rigid body, since it models the lattice-current interaction. Actually, electro-elastic couplings that pertain to acousto-electromagnetic effects are usually neglected in dealing with good conductors. However, this also excludes the activation of internal degrees of freedom that are involved in the lattice-current coupling and which do not appear in the constitutive model of Ohm's law.
In the present paper we introduce an alternative continuum model of rigid conductors exploiting the micromorphic electromagnetic theory of continua. This approach, which relies on the mechanics of micromorphic media [9] , accounts for electro-mechanical interactions via the charge microdensity connected to internal degrees of freedom of the continuum particle [10] . On this basis, we deal with a macroscopically rigid body endowed with a deformable microstructure. The superposition of such a structure with a free charge continuum is considered to represent the rigid electric conductor. Interactions of bound and free charges are consistently described by the coupling of electromagnetic and microdeformation fields.
In Section 2 we give the essential kinematical elements that characterize our model and express electric current as the sum of convective and microdeformation contributions. The balance laws for mass and charge are derived in Section 3 where a set of evolution equations is also given for electric multipoles. The microdensities of force and couples are derived in Section 4 in order to obtain the balance laws for momentum, angular momentum and energy. Maxwell's equations and the pertinent thermodynamic restrictions are also given here. In Section 5 we restrict our attention to a micropolar continuum where microdeformation consists of a pure microrotation. This notably simplifies the analysis without loss of dynamically essential features of our model, and allows for a direct simple description of polarization. A complete set of linear equations is obtained that clearly shows inertial and coupling effects of the dynamic model. Section 6 is devoted to look for solutions to the previous equations in the form of monochromatic waves in one dimension. Here we rewrite the governing set of equations in a dimensionless form and derive the dispersion equations for all admissible modes. As expected, we obtain Magneto-hydrodynamic modes for longitudinal and transverse fields, relative to a continuum with given polarization. Due to the microdeformation, we also obtain polariton modes which, as occurs for the other modes, are affected by polarization and electric current.
Micromorphic model for polarizable rigid conductors
We model a rigid electric conductor as the superposition of a solid micromorphic continuum B, whose structure allows only for microdeformations, and a continuum of material free electric chargesB. Both continua are subjected to possible body forces and interact via the electromagnetic field which affects, at the same time, bound and free charges. According to the micromorphic theory of grade one [9] , we denote by ξ the position of a point in the "particle" P with respect to its center of mass x and pose ξ =ξ (X, , t), x =x(X, t), where X and are the position vectors corresponding to x and ξ in the reference (material) configuration. The present rigidity assumption requiresx to be the identity I, or, in components x i = δ iJ X J where δ iJ is the usual shifter symbol and where uppercase indices pertain to material quantities. Moreover, we assume thatξ is linear in , and denoting the microdeformation tensor by χ, we write
Denoting the inverse of χ by X, we introduce the following material strain tensors, known as the deformation strain and the wryness tensor
where ∇ is the gradient operator with respect to x. From these definitions we have
where γ is a third order tensor with components
Accounting for orders of magnitude at macro and micro scales, dx d ξ so that γ ξ 1.
From equation (1) we haveξ
where N =χX is the microgyration tensor. Then, the time derivatives of the strain tensors in equation (2) turn out to beĊ
Denoting by ρ (x + ξ , t) the mass microdensity of B, the mass density and the microinertia per unit mass at time t, are given by
where v is the volume of the particle P t at time t. We observe that, since x is the center of mass of P, we have
Similarly, denoting by σ (x + ξ , t) the microdensity of bound charges in B, we define the charge density and the electric dipole and quadrupole densities as
Then, the electric polarization in B, up to the second order in electric multipoles, reads [11] 
Concerning the continuum of free chargesB, we assume it consists of only one type of carrier, e.g. electrons, so that microdensitiesρ (x +ξ , t) andσ (x +ξ , t) of mass and charge within the particleP t , superimposed to P t at time t, are related byρ
where e and m are charge and mass of the carrier's species. Then, mass and charge densities ofB arê
The total electric current in the rigid conductor amounts to the sum of the bound charge contribution and the free charge flow
wherev(x, t) is the velocity of the free charges with respect to the point x at time t. In view of the rigidity assumption and equations (4) and (8) 2 , we get
The first term in the right-hand side of equation (12) accounts for the contribution of the rate of microdeformation to electric current. This micro-convective term does not exist in not polarizable media where dipole density vanishes identically.
Mass and charge laws, evolution equations
In order to derive the conservation laws for mass and charge, we posex = x + ξ or, in view of the previous assumptionsx (X, t) =x(X) + χ(X, t) .
Denoting the deformation gradient byF = (∇ Xx ) T and lettingJ = det(F), accounting for equation (4), we geṫ
where∇ ≡ ∇x. According to the definition of the tensor γ , we also havē
and in view of condition (3) we can replace∇ by ∇. In particular we consider microdensity ρ in an arbitrary subset A of B. Using the transport theorem we obtain
The conservation of mass in B requires the left-hand side of equation (13) to vanish for any A ⊆ B and taking
where we used equation (7). The previous derivation can be applied to the microdensity of bound charge σ obtaining the analogous of equation (13). Taking A t = P t the conservation law for bound charges takes the form ∂q ∂t
Similarly to the continuum of free chargesB, the conservation law implies the time derivative of the integral of σ on the arbitrary partÂ t to vanish. Then, we have
by which we obtain ∂q ∂t
In view of equation (10) 2 , the same equation holds forρ. We observe that, owing to equation (12), equations (15) and (17) yield the conservation law of total charge within the conductor in the usual form
It is easy to show that the quantities q, Q and I, pertaining to B, obey a suitable evolution equation [10] . Accounting for multipole contributions up to the same order in ξ , in the present rigid case we havė
Concerning the continuumB, we definê
Taking the material time derivative and exploiting equation (16), we obtaiṅ
The quantities p, Q,p andQ play the role of internal variables by which we can express mechanical and electromagnetic contributions to forces, couples and energy.
Momentum, angular momentum and energy laws
Assuming that a mechanical body force with microdensity per unit mass f (x + ξ , t) acts on both B andB, we can write the body force density on B andB, respectively, as
Expanding f about ξ = 0 up to the second order in ξ and accounting for (19), we obtain
We consider microdensities of electromagnetic forces in B andB, given respectively by
where E and B are the electric field and the magnetic induction and c is the speed of light in a vacuum. If we expand E and B about ξ = 0, again, up to the second order in ξ , owing to equations (8) and (19), we obtain the following force densities
The densities of moment of mechanical body forces, respectively on B andB, along with the previous expansion for f , are
where
The analogous evaluation for the electromagnetic forces yields
Moreover, the densities of power produced by the mechanical body forces turn out to be
and the densities of the corresponding power of electromagnetic forces are
Balance of momentum
From equation (7), we see that the total density of momentum in the conductor reduces only to the free charge contribution and amounts toρv. Introducing the Cauchy stress tensors T andT pertaining respectively to B and B [9, 10] , we can write the balance equations relative to arbitrary parts A ⊆ B andÂ ⊆B, as
where n andn are the outward normal to ∂A and ∂Â respectively. The corresponding local balance equations read
Balance of angular momentum
According to the present model, the densities of angular momentum in B andB turn out to be
where L i = ijk I jh N kh , and the balance laws are, respectively
where M andM are second order tensors expressed by the third order couple stress tensor m,m as M ij = jhk m ikh andM ij = jhkmikh [9, 10] . Then, the local forms of the balance laws for angular momentum are
where t i = ijk T jk and similarly fort. In the last derivation we have exploited equation (20) 1 . We also note that, accounting for the symmetry of I and equation (18) 3 , we havė
Balance of energy
The densities of kinetic energy in B andB are
Introducing the heat fluxes q,q, the heat supplies per unit mass h,ĥ and denoting by e andê the internal energies per unit mass, we write the balance of energy in B andB as
Accounting for equations (23) 1 and (24) 1 , and exploiting equations (25) 2 and (26) 1 , the local form of the previous balance law becomes
Maxwell's equations and thermodynamic restrictions
Of course, the previous balance equations must be complemented with Maxwell's equations for the electromagnetic field. Adopting Heaviside-Lorentz units we write the Faraday's and Ampère's laws as
where D = E + P and H = B − M. Here M is the magnetization of the rigid conductor and can be expressed in terms of the microgyration tensor N and the quadrupole density Q [10] as
We conclude this section with the derivation of the Clausius-Duhem inequality, required to ensure thermodynamic compatibility of the present model. Denoting the absolute temperature of the conductor by θ and the entropies per unit mass pertaining to B andB by η,η, we can state the second law of thermodynamics in the form
Introducing the free energies per unit mass ψ = e − ηθ,ψ =ê −ηθ and exploiting the energy balance laws (28), inequality (30) yields the following Clausius-Duhem inequality
This inequality implies thermodynamic restrictions to the constitutive assumptions on the stress tensors and the heat flux. We shall consider the pertinent constraints for the linear theory developed in the next section.
Here we note that the complete set of field variables in the general non-linear case can be chosen as = {θ, χ , p, Q, I,q,v,p,Q, E, H}, and the set of governing equations consists of equations (17), (18), (20) 1,2 , (25), (26), (28) and (29). These are complemented by suitable constitutive equations for stress and couple stress tensors.
We note that quadrupole densities specifically account for magnetization and polarization contributions due to the gradient of microdeformation. Therefore, in dealing with non magnetizable, polarized media (not null p in the reference configuration), the quantities Q andQ can be neglected without loss of physical consistence. This will be understood in the following analysis.
Micropolar linearized model
In view of the next application, we linearize the governing equations about a reference, unperturbed configuration B 0 of the microcontinuum. This implies that the microdeformation tensor can be expressed as
Using the definitions in Section 2, we get
Then, the deformation strain and the wryness tensors (2) turn out to be linear functions, respectively, of φ ij and its gradient. In particular, here we consider B as a micropolar continuum, where the microdeformation consists of a rigid rotation. In this case φ ij is a skew-symmetric tensor, corresponding to the microrotation vector φ, such that φ ij = − ijk φ k . As a consequence, from equations (32) and (2) we obtain
C HK = δ HK + δ hH hlp δ Kh φ p , HKL = δ Hh hlq δ lK φ q,p δ pL . Accordingly, the Clausius-Duhem inequality (31) becomes
From the independence of the densities ρ andρ, we assume the following dependence for the densities of the free energy ψ = (θ, φ, ∇φ),ψ =ˆ (θ), and from equation (33) we obtain the following constitutive equations
together with the dissipative inequality
where, for any variable V , V denotes the partial derivative of with respect to V and where Q = q +q.
As a further simplification, since we are primarily interested in the relaxation effects due to electric current, we assume that the dissipative contribution of the temperature gradient is negligible. Then, from equation (35) and owing to invariance with respect to change of the observer, we definê
where µ ∈ R ++ . Accounting for the previous assumptions, the set of governing equations reduces according to the following observations. We firstly decompose the dipole density as
where p (0) represents the polarization of the unperturbed reference configuration B 0 , and equation (18) 1 can be integrated to give
Moreover, from (27) we obtain the linearized expression ρL = Jφ, with
where I (0) is the microinertia tensor in B 0 . In view of these results and the previous hypotheses, the set of the independent field variables reduces to = {φ,q,v,p, E, H}. Finally, we observe that besides M, only the skew-symmetric part of T appears in equation (26) 1 , and these quantities must be assigned according to equations (34) 1,2 . As a consequence, the governing equations for the set reduce tȯ q +q(∇ ·v) = 0,
together with Maxwell's equations (29). Assuming the rigid microcontinuum is isotropic, the microinertia matrix I ij turns out to be diagonal and we have J ij = J δ ij where J ∈ R ++ and from equations (34) 1,2 we obtain [9] 
where λ, κ, β, γ are real parameters such that λ ≥ 0, γ ≥ 0, γ + β ≥ 0, 3κ + γ + β ≥ 0. Along with the present linearizing procedure, we definê
while, by the same notation, we assume B (0) = 0. Discarding the body force density f , accounting for equations (22) and (24), and exploiting all the previous results, equations (38) becomė
and, using equations (9), (12) and (37), Maxwell's equations (29) take the following form
We observe that after linearization, equation (40) 2 decouples from the governing system, which reduces to a set of differential equations for the perturbed fieldsq,v (1) , φ, E (1) , B. Moreover, the microrotation φ satisfies an independent equation of the set, i.e. the balance of angular momentum (40) 4 . It is interesting to note that the presence of an intrinsic dipole p (0) , gives rise to a coupling of the magnetohydrodynamic field with the microstructure. This is evident from equation (41) 2 where a contribution of the electric current, due to the microrotation and orthogonal to p (0) , appears in the right-hand side. It could be shown that when p (0) = 0, a similar contribution arises from quadrupole density, if Q is not neglected and magnetization is accounted for. It is also worth remarking that the vector parameterp (0) , accounting for the current-rigid continuum interaction, contributes to the momentum balance of free charges (40) 3 with a force proportional to the gradient of the ponderomotive field E + (v/c) × B.
Wave solutions
With the purpose of showing the effects of polarization and microstructural interactions on the rigid conductor, we consider here the propagation of plane waves according to the linearized model depicted in the previous section. In particular, we denote the triad of unit vectors of an orthonormal basis in the reference configuration of B by {e 1 , e 2 , e 3 }, we assume E (0) = E 0 e 1 ,v (0) =v 0 e 1 and analyze possible vectorial one-dimensional solutions with a specific look for monochromatic waves propagating along e 1 . Consistently with the isotropic hypothesis, we require p (0) E (0) [12] we define p (0) = p 0 e 1 and also assumep (0) =p 0 e 1 . According to the previous assumptions, we suppose that all fields depend on t and on the spatial coordinate x 1 along e 1 . It is convenient to rewrite the governing equations in a dimensionless form and consistently with the present Heaviside-Lorentz units, we introduce the following dimensionless field variables
We note that the microrotation φ is a dimensionless field and we define characteristic time and length as
together with space-time dimensionless variables
In the following, a superimposed dot denotes partial derivative with respect to t * and the index 1, after a comma, denotes partial derivative with respect to x * . We rewrite systems (40) and (41) in terms of the variables given in (42). The resulting equations are grouped together on the basis of the variables' couplinġ
Jφ 2 = −(1 + η 0 e 0 )φ 2 +γ φ 2,11 ,
where the following dimensionless parameters have been introduced
The field H 1 turns out to be uncoupled with the other fields and has been ignored. These results show that different classes of solutions exist for the linear one-dimensional problem. The first class, due to system (44), represents a "longitudinal" solution that involves q, v 1 , E 1 and is independent on the microstructure. The second class pertains to systems (45) and (46) and describes "transverse" magneto-hydrodynamic solutions involving the microrotation components φ 2 and φ 3 whose balance equations are affected by p 0 . We observe that, actually, equations (45) and (46) yield equivalent solutions since one can be obtained from the other after exchanging (v 2 , φ 3 , E 2 , H 3 ) by (v 3 , −φ 2 , E 3 , −H 2 ). Hence, they comply with the same dispersion equations. Moreover we observe that the solutions of systems (44) to (46) are affected byp 0 , which introduces a gradient of the ponderomotive field in the right-hand side of the balance of momentum, as discussed at the end of Section 5. The balance equations for φ 2 and φ 3 are similar to equation (47), which represents a proper microstructural independent mode. In this respect we note that, from equation (37)
and systems (45) and (46) can be equivalently rewritten in terms of the sets (v 2 , E 2 , H 3 , p
2 ) and (v 3 , E 3 , H 2 , p
3 ). This implies the existence of polarization perturbations, coupled with the magnetohydrodynamic field, which represents polaritons [13] [14] [15] .
Let u be any variable in the set {v 1 , v 2 , v 3 , E 1 , E 2 , E 3 , H 2 , H 3 , φ 1 , φ 2 , φ 3 } and assume the following space-time dependence
where ω ∈ C and k ∈ R are, respectively, the dimensionless angular frequency and wave number of the plane monochromatic wave solutions, while U is the amplitude (in general, complex-valued). Substituting equation (49) into system (44) we obtain a homogeneous algebraic system whose compatibility condition yields the following dispersion equation
By the same token, from system (45) we obtain the two independent dispersion equations
As previously noticed, system (46) yields the same dispersion equations (51) and (52). Finally, from equation (47) we getJ
Solutions to the above dispersion equations with respect to ω are chosen according to the restriction (ω) ≤ 0, for physical admissibility. In order to illustrate these results we represent admissible solutions to equations (50) to (53) on the basis of a semiconductor microstructure with given values of parameters γ , λ and J . In particular, along with a qualitative discussion of conductive and polarization effects, we consider typical values pertaining to ionic compounds, eventually embedded in rigid solid matrices, within a class of materials with different electric conductivity and polarization density. According to known micropolar models [9, 16, 17] we take γ = 10 −11 N, λ = 10 9 N/m 2 , J = 2 · 10 −18 Kg/m. We observe that although these compounds are not isotropic, the set of governing equations for the present one-dimensional model has the same form as that of an isotropic medium. We assume fixed values of electric field and free charge density, E 0 = 10 V/m andq 0 = 10 −11 C/m 3 . Introducing the electric conductivity as σ =q 0v0 /E 0 we shall discuss our results using σ as a parameter in place ofv 0 .
From equation (50) we obtain two admissible solutions for the dimensionless frequency ω, with opposite signs to ω, for k ≥ 0. This yields a couple of not symmetric forward and backward propagation modes for the longitudinal fields. A symmetric behavior is expected in absence of current and polarization, i.e. for v 0 =p 0 = 0. This can be easily verified from system (40) when E 0 =p 0 =v 0 = 0. In this case, longitudinal symmetric modes occur for |k| < αq
if µ > 0 and for any k if µ = 0. Figure 1 shows R f ,b := log(± ω) and I f ,b := log(− ω) for forward (f ) and backward (b) modes versus the logarithm of the dimensionless wave number k (log is the decimal logarithm). The lack of symmetry is apparent only for k > k
t is the threshold value, analogous to k t , for the present conducting, polarized case, while, for k < k (l) t , the two waves actually behave as symmetric modes. For k > k (l) t the attenuation of the backward mode, represented by ω, grows with k while the forward mode shows a decreasing attenuation.
A similar behavior is found for solutions of equation (52) pertaining to the transverse fields. Figure 2 shows R f ,b and I f ,b for a couple of not symmetric admissible modes. Again, the two modes behave as a single symmetric mode for k < k
t is a threshold value analogous to the previous one for longitudinal modes. Here, the backward mode changes abruptly across k (t) t with an increasing attenuation and a decreasing frequency after the threshold. Figures 3 and 4 show the dependence of the dispersion curves for the forward longitudinal mode, from the viscosity coefficient µ and the electric conductivity σ . Figure 3 shows that k (l) t decreases by increasing µ (the values considered are µ = 10 −7 , 10 −5 , 10 −3 Pa s). This fact is also apparent from equation (54), which holds in absence of current and polarization and implies that, in the limit µ → 0, the longitudinal modes become symmetric. From Figure 4 we see a noticeable dependence of both real and imaginary parts of the dimensionless frequency from the conductivity (σ = 10 5 , 10 6 , 10 7 S/m). In general, both ω and k t . We finally consider the dispersion equation (51) for polariton modes. Here we have only a real symmetric solution for ω, thus obtaining a non attenuated mode. Figure 5 shows the typical behavior of these soft optical modes and their dependence on conductivity (σ = 5 × 10 6 , 10 7 , 2 × 10 7 S/m). The cut-off value of ω (at k = 0) increases for growing values of σ while the slope of the asymptotic line decreases when σ grows. As we see in longitudinal and transverse modes, the dispersion curves depend on the polarization p 0 . In particular, for the polariton modes, as is evident from equation (51), increasing values of p 0 correspond to increasing cut-off frequencies. In all figures η 0 = 1. Microrotational modes governed by equation (53) have a similar behavior but they do not carry polarization, according to equations (47) and (48).
Concluding remarks
In order to compare the present model of dielectric conductors with classical results, we remark on some fundamental theoretical points. Firstly, accounting for a microstructure allows the formulation of a dynamical model of charge interactions without introducing a specific constitutive law for J as necessary in continuum macroscopic theories of rigid or elastic conductors. In particular, both convective and inertial effects of current are included in the governing system of balance laws according to the dependence on the microdeformation. Secondly, microstructure, also in the simple case of micropolar hypothesis, is an effective tool for representing polarization (and magnetization) and allows for a dynamical description of the displacement current in polarized media. As shown in previous works [12, 18] this approach yields results equivalent to some improved phenomenological theories of polarizable media [2] .
The qualitative behavior of dispersion laws illustrated in Section 6 shows the dependence of propagation and attenuation of the electromagnetic field on the conductive properties. This also holds for the propagation of polaritons where, in particular, an increasing conductivity implies a decreasing phase speed.
